
Lecture Notes for Abstract Algebra: Lecture 7

1 Cyclic groups

1.1 Cyclic groups, subgroups of a cyclic group and or-
der of elements in a group

Definition 1. let G = (G, ∗) be a group and S ⊂ G a set. The subgroup
generated by S, denoted 〈S〉, is the smallest subgroup of G containing S.

Example 2. Let G be a group and x ∈ G. Then, the subgroup 〈x〉 generated
by x is the subgroup consisting of powers 〈x〉 = {xn |n ∈ Z}.

Definition 3. G = (G, ∗) be a group and S ⊂ G a set. We say that G is
generated by S when 〈S〉 = G. A group G is cyclic if there exist an element
x ∈ G such that

〈x〉 = G.

The element x is called a generator of the group G.

Definition 4. The order of an element x ∈ G is the order of the subgroup
〈x〉 generated by x. It may be finite or infinite.

Remark 5. The order of an element x ∈ G is the smallest m such that
xm = e. If no such m exist, the order of x is infinite.

Example 6. In S3, the subgroup generated by the permutation (1 2) is

〈(1 2)〉 = {1, (1 2)}.

On the other hand 〈(1 2 3)〉 = {1, (1 2 3), (1 3 2)}. The order if (1 2) is two
while the order of (1 2 3) is three.

Example 7. A cyclic group G of order n can be written as

G = {e, x, x2, . . . , xn−1}.

where x ∈ G is a generator of the group G.

Example 8. Zn = (Z,+ modn) is generated by 1 modn and is therefore
cyclic of order n. The generator of a cyclic group is not unique, see for
example how the same group Zn could be generated with any number a
relatively prime to n.
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Example 9. The group V4 of order 4 is not cyclic. All elements, except the
identity, have order 2:

V4 =

e a b c
e e a b c
a a e c b
b b c e a
c c b a e

We can check a + a = e, b + b = e and c + c = e. There is not element of
order 4.

Remark 10. Every cyclic group must be abelian. The group V4 is an ex-
ample of an abelian group that is not cyclic.

Proposition 11. Every subgroup of a cyclic group is cyclic.

Proof. Let G be a cyclic group generated by x and suppose that H is a
subgroup of G. If H = {e}, we finished. Suppose that H contains some
other element g distinct from the identity. Then g can be written as xn for
some integer n. Since g is a subgroup, g−1 = x−n must also be in H. Since
either n or −n is positive, we can assume that H contains positive powers of
xm with n > 0. Let m be the smallest natural number such that xm ∈ H.
Such an m exists by the Principle of Well-Ordering. We claim that h = xm

is a generator for H. We must show that every h′ ∈ H can be written as
a power of h. Since h′ ∈ H and H is a subgroup of G, h′ = xk for some
integer k. Using the division algorithm, we can find numbers q and r such
that k = mq + r where 0 ≤ r < m; hence,

xk = xmq+r = (xm)qxr = hqxr.

We have that xr = xkh−q is also in H. If r 6= 0, this will contradict the way
we chose m. Hence r = 0 and k = mq ⇒ h′ = hq.

Remark 12. The dihedral group D3 cannot be cyclic because is not even
abelian! The reflections µ1, µ2 and µ3 are elements of order 2 and the rota-
tions ρ1 and ρ2 are elements of order 3. The composition of two reflections
µi ◦ µj gives a rotation, which is an element of order 3. We can therefore
check directly that no element has order 6.
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Proposition 13. Let G be a cyclic group of order n and suppose that a ∈ G
is a generator of the group. If b = ak, then the order of b is n/d, where
d = gcd(k, n).

Proof. We wish to find the smallest integer m such that e = bm = amk. This
is to find, the smallest integer m such that n divides km or, equivalently,
n/d divides m(k/d). Since d is the greatest common divisor of n and k, the
numbers n/d and k/d are relatively prime and the number n/dmust dividem.
As a consequence m ≥ n/d. On the other hand bn/d = an(k/d) = ek/d = e.

Corollary 14. A cyclic group G of order n has exactly one subgroup Gd of
order d for each d|n. If a generates G, then an/d generates Gd.

Proposition 15. An element x has the same order as and any of its conju-
gates xy = yxy−1.

Proof. We have the identity (xy)
n = yxy−1yxy−1 . . . yxy−1 = yxny−1. Hence

xn = e ⇐⇒ (xy)
n = e.

Practice Questions:

1. Let G be a group and x an element of G. Show that the subset of integral
powers 〈x〉 = {xn |n ∈ Z} is a subgroup of G.

2. Let G be a group. Show that the order of the element x ∈ G is the
smallest m such that xm = e. Show that a power xk = e if and only if k is a
multiple of m.

3. Show that any cyclic group is abelian. Find examples of finite abelian
groups that are not cyclic.

4. Find the order of the elements in Z6. What elements generate the whole
group?
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